We introduce two classes of nonassociative algebras and define the building blocks in the context of the new nonassociative algebras.
Generalized Jordan Algebras
We begin this section with the following definition. (ii) A is called an associative Z 2 -algebra if A is both a Z 2 -algebra and an associative algebra.
(iii) A is called an alternative Z 2 -algebra if A is both a Z 2 -algebra and an alternative algebra.
The algebra O (2) introduced in [4] is a 16-dimensional alternative Z 2 -algebra which is not associative.
Using the one-sided commutative law introduced in [2] , we now define generalized Jordan algebras. (i) The binary operation • is right commutative; that is,
(ii) The binary operation • satisfies the Jordan identity:
and the Hu-Liu bullet identity:
A generalized Jordan algebra J is also denoted by (J, +, •), where the binary operation • is called the bullet product. A generalized Jordan algebra (J, +, •) is said to be right unital if there exists an element 1 of such that
(1)
An element 1 satisfying (1) is called a right unit.
The following proposition establishes the passage from a associative Z 2 -algebra to a generalized Jordan algebra.
is a right unital generalized Jordan algebra, where the bullet product • is defined by
for x ∈ A, y = y 0 + y 1 ∈ A and y i ∈ A i with i = 0 and 1.
Proof It is a straightforward computation. (i) The binary operation , is right anti-commutative; that is, x, y, z = − x, z, y for x, y, z ∈ J.
(ii) The binary operation , satisfies the Hu-Liu angle identities:
x, y , x, z − x, z , x, y = x, y , z , x − x, x, y , z + x, x, y, z − x, y, z , x + + x, x, z , y − x, z , x , y ,
y, x , x, z = y, x , z , x − y, x, z , x − y, z , x , x ,
z, x , y, x = z, x, y , x + z, y , x , x − z, x , x , y ,
where x, y, z ∈ J.
A generalized Malcev algebra M is also denoted by (M, +, , ), where , is called the angle bracket. Clearly, if the angle bracket , is anti-commutative, then each of (4), (5) and (6) is equivalent to the following identity:
x, y , x, z = x, y , z , x + y, z , x , x + z, x , x , y .
Since Malcev algebras are defined by using the anti-commutative law and the identity (7), the generalized Malcev algebras are indeed a generalization of Malcev algebras. In order to prove that the generalized Malcev algebras are also a generalization of (right) Leibniz algebras, we need to use the right Jacobian J x, y, z which is defined by J x, y, z = x, y , z − x, y, z − x, z , y .
Proposition 2.1 Let (M, +, , ) be a right anti-commutative algebra.
(i) (4) is equivalent to J x, z , x, y + J x, y, x, z = J x, y, z , x − x, J x, y, z .
(ii) (5) is equivalent to J y, x, z , x = − J y, x, z , x .
(iii) (6) is equivalent to J z, x , y, x = J z, x, y , x .
Proof This is a consequence of the Hu-Liu angle identities. See page 175 of [7] for the definition of modules over Malcev algebras.
Conclusion
Associative Z 2 -algebras are a class of associative algebras which can be used to establish quickly the counterparts of the passages from associative algebras to Lie algebras and Jordan algebras. However, using only associative Z 2 -algebras is not enough in order to generalize the theory of Lie algebras and Jordan algebras. In fact, another class of associative algebras seems to be more suitable in the study of generalizing universal enveloping algebras and exceptional Jordan algebras. The basic facts about the class of associative algebras will be given in my future work.
